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It is shown that an appropriate use of so-called «double equations» by Diophantus pro-
vides the origin of the Frey elliptic curve and from it we can deduce an elementary proof
of Fermat’s Last Theorem.
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1. The «double equations» and the «infinite descent».
In discussing the most Diophantine problems, the existing documentation reveals,
without any doubt, that Fermat, but especially Euler used to use the so-called
«double equations» by Diophantus, that is:
ax2 + bx+ c = z2 a′x2 + b′x+ c′ = t2
with the condition that a and a′, or c and c′ are squares.
In a more general form the equations may appear as:
(1) ax2 + 2bxy + cy2 = z2 a′x2 + 2b′xy + c′y2 = t2
and they (Fermat and Euler) considered only curves that admitted at least one evi-
dent rational point in the projective space and derived from a few evident solutions,
in most cases, an infinite number of solutions.
Under certain assumptions ([5], Ch. II, Appendix III, pp.135-139) it occurs that
the curve, determined by the equations (1), is isomorphic to the one given by:
(2) Y 2 = X
[
(b′X − b)2 − (a′X − a) (c′X − c)
]
that is by an elliptic curve.
In fact, if an elliptic curve has at least one rational point, it can be represented
as a cubic y2 = f (x) , where f is a polynomial of degree 3.
That being stated, we consider the following two systems, each of them consisting
of a pair of « double equations » :
(3)
{
(3)1 X
n
1 V
2 + Y n1 T
2 = U2 V 2 − T 2 = W 2
(3)2 X
n
1W
2 + Zn1 T
2 = U2 W 2 + T 2 = V 2
(4)
{
(4)1 Z
n
1 V
2 − Y n1 T 2 = U2 V 2 − T 2 = W 2
(4)2 Z
n
1W
2 +Xn1 T
2 = U2 W 2 + T 2 = V 2
1
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where X1 , Y1 , Z1 are pairwise relatively prime , with n > 2 prime and with
U, V,W, T integer variables.
Let’s suppose to be in a position to apply the isomorphism described by (2).
From the first two equations of the system (3), that is the (3)1 , we obtain the
elliptic curve:
(5) Y 2 = X (X −Xn1 ) (X + Y n1 ) .
From the other two equations, that is the (3)2, instead of the further elliptic
curve:
(6) Y 2 = −X (X −Xn1 ) (X − Zn1 ) .
By a system of (5) with (6) it is possible to obtain with the relation X = Xn1 /2
the following identity:
(7) Xn1 +Y
n
1 = Z
n
1 , which, henceforth, will be considered valid in hypothesis.
Now the elliptic curve (5), with the identity (7), is nothing but the Frey elliptic
curve ([3], p. 156), in fact, the discriminant that determines the existence of the
polynomial:
(X −Xn1 ) (X + Y n1 ) = X2 +X (Y n1 −Xn1 )−Xn1 Y n1 ,
and that is:
∆ =
√
(Y n1 −Xn1 )2 + 4Xn1 Y n1 = Xn1 + Y n1 = Zn1
it is an n-th perfect power.
Besides, as Euler found out, in treating similar problems regarding algebraic
curves of genus 1, the two problems, related to (5) and to (6), are completely
equivalent.
In our case we can verify that the elliptic curve (6) can be reduced to (5) by the
transformation: X ⇒ −X +Xn1 and the identity (7).
From the first two equations of the system (4), that is the (4)1, we obtain the
elliptic curve:
(8) Y 2 = X (X − Y n1 ) (X − Zn1 ) .
From the other two, that is the (4)2, on the contrary, the elliptic curve (6) again:
Y 2 = −X (X −Xn1 ) (X − Zn1 ) .
From a system of (8) with (6) it is possible to obtain with the relation X = Zn1 /2
again the identity (7):
Xn1 + Y
n
1 = Z
n
1 .
The elliptic curve (8) can be reduced to (6) by the transformation: X ⇒ −X + Zn1
and the identity (7).
In the system (3), by reference to the notations of (1), we considered in the first
two equations (3)1, the following assumptions:
a = Xn1 and a
′ = 1 , b = b′ = 0 and c = Y n1 , c
′ = −1
while in the latter two equations (3)2, the additional assumptions:
a = Xn1 and a
′ = 1 , b = b′ = 0 and c = Zn1 , c
′ = 1
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Unlike in the system (4), by referring to the notations of (1), we considered in
the first two equations (4)1, the following assumptions:
a = Zn1 and a
′ = 1 , b = b′ = 0 and c = −Y n1 , c′ = −1
while in the latter two equations (4)2, the additional assumptions:
a = Zn1 and a
′ = 1 , b = b′ = 0 and c = Xn1 , c
′ = 1 .
Now, with these values it is clear that in no « double equations» we are satisfying
the condition that a and a′ or c and c′ are both squares.
A more specific analysis about the "type" of the system (3) and system (4),
on the contrary, will lead us to verify that, respectively, in the second two «double
equations » there is the way to make c and c′ indeed biquadrates.
Immediately they can be reduced to the following Diophantine systems where
we properly have introduced, respectively, two different integer variables U ′ and U ′,
instead of U :
(9)


Xn1 V
2 + Y n1 T
2 = U ′2
Xn1W
2 + Zn1 T
2 = U ′2
W 2 + T 2 = V 2
(10)


Zn1 V
2 − Y n1 T 2 = U”2
Zn1W
2 +Xn1 T
2 = U”2
W 2 + T 2 = V 2
From the first two equations of the system (9) it is obtained:
(11) Xn1 V
2 + Y n1 T
2 = Xn1W
2 + Zn1 T
2
while from the first two equations of the system (10) it is obtained:
(12) Zn1 V
2 − Y n1 T 2 = Zn1W 2 +Xn1 T 2
At this point, if we want to achieve the same integer values from the two systems
(let’s consider U ′ = U”) it is sufficient to exchange, according to the second Dio-
phantine equations of the two systems, the indeterminate W with T and vice versa
in the second equation of second system, while it is sufficient the only indeterminate
T with W in the first equation of the second system.
But this involves, in the first two Diophantine equations of the two systems, the
following result:
(13) Xn1 V
2 + Y n1 T
2 = Zn1 V
2 − Y n1 W 2
which provides the equation :
(14) Y n1
(
T 2 +W 2
)
= (Zn1 −Xn1 ) V 2.
This equation results in the identity (7) only if the third "common" equation
for both systems equation is satisfied.
The latter being the Pythagorean triangle, let’s consider the primitive integer
solutions:
(15) W = 2θη ; T = θ2 − η2; V = θ2 + η2 with θ, η ∈ N
Substituting (15) into (11) we have:
Xn1
(
θ2 − η2)2 + Y n1 (θ2 − η2)2 = Zn1 (θ2 − η2)2
and substituting (15) into (12) we have:
Zn1
(
θ2 − η2)2 − Y n1 (θ2 − η2)2 = Xn1 (θ2 − η2)2 .
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Both equations with θ 6= η give us the (7) again.
Nothing prevents us at this point to take θ = m and η = 0, which results in
finding in (14): W = 0 ; T = m2; V = m2 without altering the identity (7).
In practice, it is as if we consider the solution
(
0,m2,m2
)
in the third equation
of the systems (9) and (10), and this is not a limitation, in fact in Appendix A1,we
illustrate how it is possible to generate from a trivial solution, like the one above,
all the possible whole solutions of the same equation.
On the contrary, this application, as we can see, will be not possible, jointly, for
the first two indeterminate equations of second degree of the systems (9) and (10),
and, precisely because of this choice.
In fact, wishing always satisfy (7) with X1 , Y1 , Z1 pairwise relatively prime , we
consider to assume respectively systems (9) and (10) the following values in relation
to their indeterminate:
U ′ = Zn1 , U
′ = V 2 = T 2, W = 0 and U ′′ = Xn1 , U
′′ = V 2 = T 2, W = 0.
In this way we obtain from the first equation of the system (9) the following
result:
(16) Xn1 Z
n
1 + Y
n
1 Z
n
1 = Z
n
1 · Zn1
while from the first equation of the system (10) the further result:
(17) Zn1X
n
1 − Y n1 Xn1 = Xn1 ·Xn1 .
In addition, the second equations of the systems (9) and (10) will be reduced to
"pure" identities.
Eliminating the greatest common divisor from (16) and from (17) it is evident
that results Xn1 + Y
n
1 = Z
n
1 .
Now the trivial solution (W,T, V ) =
(
0,m2,m2
)
identified by the Pythagorean
equation, implies for the assumptions just explained that both Zn1 and X
n
1 should
be perfect biquadrates.
The same is true for Y n1 , as it can exchange with X
n
1 for the homogeneity of the
equation (7).
At the end we can consider the following assumptions:
X1 = r
4, Y1 = s
4 and Z1 = t
4, with r, s, t distinct integers.
Therefore (7) can be written as: (18)
(
r4
)
n +
(
s4
)
n =
(
t4
)
n
and the commutative property of the exponents allows us to write (18) in the form:
(rn) 4+(sn) 4 = (tn) 4, but this equation, with exponent of 4, as shown by Fermat
by the method of « infinite descent » is impossible in nonzero integers ([3], p.155-
156).
This remarkable conclusion is actually a direct result of the nature of Diophan-
tine systems (9) and (10) and how they were built, as we can see through the entire
Chapter 2 of this paper and the Additional Remark 1.
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2. The nature of Diophantine systems through the algebraic
geometry.
What described in this chapter for the Diophantine system (9), can of course be
applied to the Diophantine system (10).
In determining the nature of the Diophantine system (9), we will use the descrip-
tion given by A. Weil ([5], Ch. II App. IV, pp.140-149) to provide some theoretical
backgrounds to Fermat’s and Euler’s « method of descent », how they employed it
in the treatment of elliptic curves.
For simplicity, let’s consider the case when the roots of a cubic Γ are rational
integers α, β e γ.
The cubic Γ is given by:
(20) y2 = f (x) = (x− α) (x− β) (x− γ) .
Weil determines an oblique quartic Ω in the space (u, v, w), that is:
(21) Au2 + α = Bv2 + β = Cw2 + γ with u, v, w ∈Q
and the following mapping of Ω in Γ:
(22) x = Au2 + α y =
√
ABCuvw with A · B · C has to be square.
In practice Weil states that the determination of rational points of the curve Γ
can be reduced finding rational points on finite numbers of quartics as (21); given
a set of integers A,B,C, which Weil considers square free, that is, not divisible by
any square greater than 1 , and such that the product A ·B ·C is a square, we call
Ω (A,B,C) the space quartic defined by the equation (21).
In homogeneous coordinates; Ω (A,B,C) it can be considered with the curve defined
by the equations:
(23) AU2 + αT 2 = BV 2 + βT 2 = CW 2 + γT 2 with U, V,W, T integers.
Subsequently, after affirming that the equation (23) admits at least one solution,
instead of defining Ω = Ω (A,B,C) through (21), he writes it through the equation
of two quadrics in P 3, that is:
Φ =
4∑
i,j=1
aijXiYj and Ψ =
4∑
i,j=1
bijXiYj with the condition Φ = Ψ = 0.
In detail, we have:
Φ (U, V,W, T ) = α (β − γ) (AU2 + αT 2)+ β (γ − α) (BV 2 + βT 2)+
γ (α− β) (CW 2 + γT 2) = α (β − γ)AU2 + β (γ − α)BV 2 + γ (α− β)CW 2 − δT 2
Ψ(U, V,W, T ) = (β − γ)AU2 + (γ − α)BV 2 + (α− β)CW 2 where we have put
δ = (β − γ) (γ − α) (α− β).
At this point, let’s consider the following assumptions:
(24) A = Zn1 · Zn1 , α = 0, B = Xn1 , β = Y n1 , C = Xn1 , γ = Zn1 .
In this case, proceeding, the (23) would be reduced to:
Z2n1 U
2 = Xn1 V
2 + Y n1 T
2 = Xn1W
2 + Zn1 T
2.
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The producta ABC is, as required, a perfect square, and therefore it is certainly
possible the application (22) of the quartic Ω on cubic Γ.
Now since Z2n1 is a square, it is also possible to absorb it in the integral variable
U in such a way that we can write:
AU2 = Z2n1 U
2 = A′U ′2 and therefore hypothesize A = Z2n1 with U
2 = 1 and
A′ = 1 with U ′2 = Z2n1 .
Under this transformation we can consider, keeping the same notations, the
following assumptions:
A = 1, α = 0, B = Xn1 , β = Y
n
1 , C = X
n
1 , γ = Z
n
1
and also in this case the product ABC is a square.
Going on, the (23) will be reduced to:
(25) U2 = Xn1 V
2 + Y n1 T
2 = Xn1W
2 + Zn1 T
2
and the expressions of the two quadrics in P 3 become:
Φ (U, V,W, T ) = Xn1 Z
n
1 Y
n
1 V
2 + Zn1 (−Y n1 )Xn1W 2 + (Y n1 − Zn1 )Zn1 Y n1 T 2 and
Ψ(U, V,W, T ) = (Y n1 − Zn1 ) U2 +Xn1 Zn1 V 2 + (−Y n1 )Xn1W.2
Finally, by Φ = Ψ = 0, they become:
(26)
(
V 2 −W 2)Xn1 = (Zn1 − Y n1 )T 2
(27) (Zn1 − Y n1 )U2 = Xn1
(
Zn1 V
2 − Y n1 W 2
)
.
Now the (25) are nothing but the first two equations of the system (9) and what
is described should have made clear how they were generated.
If we now add to them the "Pythagorean" condition:
(28) W 2 + T 2 = V 2 ⇔ V 2 −W 2 = T 2 the system (9) is complete.
The (26) together with (28) involves immediately that : Xn1 = Z
n
1 − Y n1 .
It is convenient to treat firstly the (27) with (26), to obtain:
U2
T 2
(
V 2 −W 2) = Zn1 V 2 − Y n1 W 2
and later by using the (28) we will have:
( 29) U2 = Zn1 V
2 − Y n1 W 2.
This condition [see also (13)], is also redundant, because it adds nothing new
if compared to what is processed by the system (9), as we have already noted in
Chapter 1.
Finally, a justification on the selection of certain integer values A,B,C of the
oblique quartic, defined by the equation (21): Weil says that A,B,C can take only
a finite number of values, in our case we were obviously conditioned b by validating
the equation (7) by Fermat.
a It should be noted that the choice of B = C necessarily implies that A should be a square,
therefore also the choice of A = Zn
1
would confirm the nature of Zn
1
, that is a perfect square.
b The coefficients A,B, C are, however, relatively prime integers.
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The assumptions, which we have made at the beginning, for the parame-
ters that characterize the two quadrics in P 3, were: A = Z2n1 or equivalently
A = 1, α = 0, B = Xn1 , β = Y
n
1 , C = X
n
1 , γ = Z
n
1 .
But there is to observe that we had to contravene the hypothesis by Weil, which
required A,B,C square free integers , on the other hand, however, as noted by
Davenport ([3], p. 140-141) , even if we introduce a square factor into the coefficients
of an indeterminate equation of second degree, this does not affect the solubility of
the equation.
Now these values lead to the elliptic curve, already met previously, see (8):
y2 = x (x− Y n1 ) (x− Zn1 )
and we know that it can always be reduced to the elliptic curve (6) through the
transformation x⇒ −x+ Zn1 and the identity (7).
In addition, as noted in Chapter 1, the elliptic curve (6) can be reduced to
(5), and it is known as Frey elliptic curve, through the further transformation:
x⇒ −x+Xn1 and the identity (7) and in this way we returned to the origin of this
issue.
Weil says that the oblique quartic Ω (A,B,C), given by (21), will have a rational
point if and only if the equation (23) admits a solution in integers U, V,W, T , without
common divisors and this, in our case, has been met.
In fact, it should be noted that equation (21) leads together with (22), with
u = U
T
, v = V
T
, w = W
T
and with the values U = 1, V =
√
Zn1 , T =
√
Zn1 , W = 0,
which are warranted by the original assumptionsc (24), that is:
A = Zn1 · Zn1 , α = 0, B = Xn1 , β = Y n1 , C = Xn1 , γ = Zn1
to the integer solutionM (x, y) of the cubic (8): y2 = x (x− Y n1 ) (x− Zn1 ), where
are appropriate the values:
x = Au2 + α = AU
2
T 2
= Zn1 and y =
√
ABC U
T
V
T
W
T
= 0.
From this it is also evident that G.C.D.
(
1,
√
Zn1 ,
√
Zn1 , 0
)
= 1 and that
U, V,W, T are without common divisors.
In applying the same techniques to the Diophantine system (10) , we will obtain
the same conclusions, with the difference to have demonstrated, in this specific
case, that Xn1 is at the end equal to a biquadrate: more precisely the following
assumptions are sufficient:
A = X2n1 or equivalently A = 1, α = 0, B = Z
n
1 , β = −Y n1 ,
C = Zn1 , γ = X
n
1
and in this case these values lead, with the identity (7), just to the Frey elliptic
curve, that is
y2 = x (x−Xn1 ) (x+ Y n1 ) .
cIt should not be forgotten the transformation used in order to make the coefficient A′ equal 1,
assuming the replacement A = Z2n
1
coupled to U2 = 1 with the replacement A′ = 1 coupled to
U ′2 = Z2n
1
.
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3. Analytical digressions.
There is no doubt that systems (9) and (10) represent the true "lockpick" of Fermat’s
Last Theorem.
Through them, keeping always in mind the possibility of exchanging the role of
X1 and Y1 into (7), we were able to establish the following Fundamental
Theorem:
The necessary and sufficient condition that the equation Xn + Y n = Zn, where
X,Y, Z are pairwise relatively prime, and n is odd prime, does not provide inte-
ger solutions is that all the three indeterminate X,Y and Z are equal to a perfect
biquadrate.
The presence of a Pythagorean equation in such systems has proved to be es-
sential, not only to connect to the supposed Frey elliptic curve the more general
Fermat’s equation, but to demonstrate, with remarkable developments of algebraic
geometry, made in Chapter 2, the above indicated Fundamental Theorem (see also
Additional Remark 2).
In conclusion we were able to determine by the joint contributions of Diophantine
systems (9) and (10), that these do not provide a possible solution in integers, with
n > 2 prime number and X1 , Y1 , Z1 pairwise relatively prime, since it is impossible
to even an evident solution , common to the respective Diophantine equations
of second degree, from which others had to be obtained in an infinite number and
certainly all those solutions, at least, integer and primitive, by an analogous method
to the one illustrated in Appendix A1.
4. Conclusions.
This paper has proved that a possible origin of the Frey elliptic curve derives from
through an appropriate use of the so-called « double equations » by Diophantus-
Fermat and an isomorphism, that is an birational application between them and an
elliptic curve, that in fact in our case is not possible.
So, it is true that the Frey elliptic curve does not exist and consequently know
that Fermat’s Last Theorem indirectly derives, because of an absurd ([3], p. 155-
156).
In this work we wanted to emphasize that an elementary proof of the Last
Theorem of Fermat can not be separated by the strong link with the supposed Frey
elliptic curve , although this does not mean that Fermat, in another way (see the
track in Appendix A2) , was unable to produce our own proof.
In the only proof nowadays, A. Wiles has used new concepts and new theories
in modern Superior Analysis fields.
"In fact, he has used a true “H-bomb”, when perhaps it would be enough a
skilled arquebus: one of those strokes of which he was master the great Euler" (see
Appendix A3).
These last considerations do not own the author of this work, but there are,
basically, in the paper [1].
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APPENDICES
A1. Indeterminate Analysis of second degree.
Our goal is to take care of the resolution, into integers, of quadratic equation
with integer coefficients, depending on n unknowns.
We will develop our considerations on the equation in three unknowns:
(A1-1) F (X,Y, Z) = aX2 + bY 2 + cZ2 + dXY + eXZ + fY Z = 0
warning that, all what we will say, extends immediately to the case of n unknowns.
Since the (A1-1) is an equation homogeneous, if (A,B,C) are the solutions also
(mA, mB, mC) are solutions.
Therefore we deem identical two solutions such as (A,B,C) and (mA, mB, mC).
Such assumption, will narrow the search to the only primitive solutions of
(A1-1), that is, to those in which X,Y and Z are pairwise relatively prime.
Let (x, y, z) be a solution in integers of the (A1-1) and then F (x, y, z) = 0 and
we put:
(A1-2) X = ρ · x+ ξ , Y = ρ · y + η , Z = ρ · z + ζ
where ξ, η, ζ are arbitrary integer constants and ρ an unknown to be determined,
so that the (A1-2) provide an integer solution for the (A1-1).
It must be: F (X,Y, Z) = ρ2
[
ax2 + by2 + cz2 + dxy + exz + fyz
]
+
+ρ·[2aξ · x+ 2bη · y + 2cζ · z + d (ξ · y + η · x) + e (ξ · z + ζ · x) + f (η · z + ζ · y)] +
+ [aξξ + bηη + cζζ + dξη + eξζ + fηζ] = 0
But the coefficient of ρ2, equal to F (x, y, z) , is null and the known term is
F (ξ, η, ζ) , so, set equal to M (with M 6= 0 due to the arbitrary of ξ, η, ζ), the
coefficient ρ of the above equation is equal to ρ = −F (ξ,η,ζ)
M
.
Consequently: if it is known an integer solution of the (A1-1), we have infinite
other, by putting in (A1-2), in place of ρ, the value now found; then, unless the
divisor M , we have:
(A1-3) X = ξ ·M −xF (ξ, η, ζ) ; Y = η ·M−yF (ξ, η, ζ) ; Z = ζ ·M−zF (ξ, η, ζ)
These are the general solutions of (A1-1).
To prove it, we will show, by appropriately selecting ξ, η, ζ, the previous solutions
provide a solution of (A1-1), given arbitrarily.
Let this (A,B,C) , it is meanwhile F(A,B,C)=0; if now, in the (A1-3) we write
ξ = A, η = B, ζ = C , we have the solution: X=AM ; Y=BM ; Z=CM , that, unless
the factor M , it is identified with the one already provided.
In conclusion: by an integer solution (x, y, z) of (A1-1), all its integer solutions
are given by (A1-3), unless the integer divider M .
Now we solve the Pythagorean equation F (X,Y, Z) = X2 + Y 2 − Z2 = 0 in
integer numbers..
Keeping in mind that this equation is homogeneous we know that we can consider
identical the two solutions, as (1,0,1) and
(
m2, 0, m2
)
.
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Let’s consider, at this point, the trivial solution (1,0,1) and we will have:
M = 2 (ξ − ζ) ; F (ξ, η, ζ) = ξ2 + η2 − ζ2 for which all the solutions, keeping in
mind the (A1-3), are given by the relations:
X = 2ξ (ξ − ζ)− ξ2 − η2 + ζ2 = (ξ − ζ)2 − η2 ; Y = 2ηξ (ξ − ζ)
Z = 2ζ (ξ − ζ)− ξ2 − η2 + ζ2 = − (ξ − ζ)2 − η2.
Therefore assumed (ξ − ζ) = θ and observed that from a solution (x, y, z) we
get others changing sign to one, or two, or all (x, y, z), we have:
X = θ2 − η2 ; Y = 2θ η ; Z = θ2 + η2
which provide us with all the Pythagorean equation solutions.
The source of this Appendix is the chapter “Elementi della teoria dei numeri”
of the book by U. Bini: Lezioni di Analisi Matematica, ed. Vallecchi, Firenze, 1931.
A2. The Fermat’s method and the importance of case n = 4.
Let us consider true the following Fermat’s equation:
(A2-1) Xn1 + Y
n
1 = Z
n
1
where X1 , Y1 , Z1 are pairwise relatively prime, with n > 2 prime and the product
X1 · Y1 · Z1 6= 0.
That being, let’s consider the following Diophantine systems:
(A2-2)
{
2U2 = V 2 + T 2
Zn1 U
2 = Xn1 V
2 + Y n1 T
2
(A2-3)
{
V 2 + T 2 = W 2 + 2T 2 ⇔ V 2 = W 2 + T 2
Xn1 V
2 + Y n1 T
2 = Xn1W
2 + Zn1 T
2
(A2-4)
{
2U2 = W 2 + 2T 2
Zn1U
2 = Xn1W
2 + Zn1 T
2
Substituting in the system (A2-2) the first Diophantine equation in the latter
equation and by eliminating the indeterminate U we can get the following result:
V 2
(
Zn1
2
−Xn1
)
= T 2
(
Y n1 −
Zn1
2
)
Now, only if V = T the (A2-1) is verified.
In general the first Diophantine equation of the system (A2-2) admits the fol-
lowing integer solutions, with r, s integer numbers (the values of V and T are inter-
changeable if necessary) and k a proportionality factor ([2], pp. 39-44):
V = k
(
s2 + 2rs− r2); T = k (r2 + 2rs− s2); U = k (r2 + s2).
Therefore by these values the system (A2-2) is solvable, and in the case of
(A2-1) it admits integer solutions, only if we assume r2 = s2 and therefore we will
have U = V = T = k
(
2r2
)
.
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Substituting in the system (A2-3) the first Diophantine equation in the latter
equation and by eliminating the indeterminate V , we can get the following result:
Xn1 T
2 + Y n1 T
2 = Zn1 T
2.
Now you can meet the (A2-1) eliminating the indeterminate T (it is assumed
different from zero).
In general the first Diophantine equation of the system (A2-3) admits the fol-
lowing integer solutions, with p, q natural numbers and k a proportionality factor
(the values of Wand T are interchangeable, if necessary):
(A2-5) W = k (2pq); T = k
(
p2 − q2); V = k (p2 + q2).
Therefore by these values the system (A2-3)) is solvable and also is satisfied the
equation (A2-1) without further conditions.
In the end, considering the system (A2-4), we observe that the first Diophantine
equation in general admits the following integer solutionsd, with ℓ,m integers,m ≥ ℓ
and k a proportionality factor:
W = k (4ℓm) ; T = k
(
2m2 − ℓ2) ; U = k (2m2 + ℓ2) .
If we substitute the first Diophantine equation in the latter equation we get
Zn1 = 2X
n
1 ,that is an impossible solution, in terms of integer numbers (except in
the case of n = 1, which is excluded from the hypothesis and for this reason it is
not treated), therefore the only acceptable integer solution of the first Diophantine
equation of this system is determined by assuming ℓ = 0 and then W = 0 and
T = U = k
(
2m2
)
, as we can further verify later.
In fact, let’s consider, at this point, the following Diophantine system, consti-
tuted by the respective first Diophantine equations of systems (A2-2) and (A2-3):
(A2-6)
{
2U2 = V 2 + T 2
W 2 + T 2 = V 2
it implies 2U2 =W 2 + 2T 2 and not vice versa.
Now substituting to W and T the values indicated by the (A2-5), we get that
it must be:
(A2-7) p4 + q4 = U
2
k2
.
The (A2-7), as shown by Fermat, to treat the case n = 4 ([4], pp. 111-112), is
not solvable in integers, unless, in this first case, we do not consider q = 0.
Changing between them the indeterminatesW and T , the values given by (A2-5)
give us the possibility to obtain the following relation:
(A2-8)
[
k
(
p2 + q2
)]2
+ (2k pq)2 = 2U2.
Considering the following identity between numbers ([4], p. 54):
a2 + b2 = 2
[(
a+b
2
)2
+
(
a−b
2
)2]
,
the (A2-8) becomes: (A2-9) (p+ q)4 + (p− q)4 = ( 2U
k
)2
.
The (A2-9), as shown by Fermat, to treat the case n = 4, is not solvable in
integers, unless, in this second case, we do not consider p = q.
d It was applied the method described in Appendix A1, considering the trivial solution
(U,W, T ) = (1, 0, 1) .
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The system (A2-6), in the first case for q = 0 and in the latter case for p = q
is solvable in integers for W = 0 and for T = V = U = k
(
p2
)
or T = V = U =
k
(
2p2
)
.
Now by the second Diophantine equations of systems (A2-2) and (A2-3) and
(A2-4) we have:
(A2-10) Zn1 U
2 = Xn1 V
2 + Y n1 T
2 = Xn1W
2 + Zn1 T
2.
Now it is possible to get the Fermat equation (A2-1) by this result, only giving
the same integer value and equal to the indeterminates U, V, T , that is a
perfect square (thanks to the free choice of the rational proportionality factor k)
and a null value for the indeterminate W .
The most effective evident solution of the same is therefore (U, V, T,W) =(√
Zn1 ,
√
Zn1 ,
√
Zn1 , 0
)
, as we could verify in Chapter 1 for the indeterminates
V, T andW , and not for U , due to a different coefficient A, but in a situation fully
equivalent, which we will justify later more in details (see Additional Remark 1).
It is of fundamental importance in this case, similarly to the case of the system
(A2-6), noted that the system between the first Diophantine equations of (A2-2)
and (A2-4):
{
2U2 = V 2 + T 2
2U2 =W 2 + 2T 2
implies the first equation of the system (A2-3): W 2 + T 2 = V 2, while the reverse
is not true, unless you consider the hypothesis to assume in the latter: W = 0 and
T = V , which again implies T = V = U .
That said to confirm that ultimately for treating, in a complete way the Fermat
equation (A2-1), it is sufficient the Diophantine system constituted by the equation
(A2-10) with the presence of only one first Diophantine equation of the system (A2 -
3), that is the Pythagorean equation, thanks to which, with its solutions provided by
(A2-5) and in particular with its trivial solution, that is (W,T.V ) =
(
0, p2, p2
)
,
we are able to govern the entire process with the method of « infinite descent » .
More precisely, from the equality of the second and third member of (A2-10),
that is:
Xn1 V
2 + Y n1 T
2 = Xn1W
2 + Zn1 T
2
derives the following relation: Xn1
(
V 2 −W 2) = (Zn1 − Y n1 ) T 2, from which it is
immediate that the Fermat equation (A2-1) is true only if it is verified Pythagoras’s
equation
(
V 2 −W 2) = T 2, which admits the nonzero integer solutions, already
highlighted with (A2-5), which can be reduced to primitive solutions, considering
p, q relatively prime of opposite parity and p > q (the values of W and T are
interchangeable, if necessary), that is: (A2-11) W = 2pq; T = p2 − q2; V = p2 + q2.
That being stated, if we also consider the equality of the first and second member
of (A2-10), as well as the first and third member of (A2-10), that is:
Zn1 U
2 = Xn1 V
2 + Y n1 T
2 Zn1 U
2 = Xn1W
2 + Zn1 T
2
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the indeterminate W must necessarily be equal to zero and this implies V = T =
U .
Let’s analyze the following two particular cases, which however represent a trivial
solution of Pythagoras’s equation and they do not affect the validity of Fermat’s
equation:
1) W = 0, V 2 = T 2 = 1 and U2 = 1
and in this case, however, we obtain Fermat’s equation (A2-1) .
2) W = 0, V 2 = T 2 = Zn1 and U
2 = Zn1
and also in this casee at first we obtain the equation Xn1 Z
n
1 + Y
n
1 Z
n
1 = Z
n
1Z
n
1 , from
which, by eliminating the common factor, that is the maximum common divisor, we
obtain however Fermat’s equation (A2-1), where X1 , Y1 , Z1 are pairwise relatively
prime , with n > 2 prime .
Now the “strong” link, that we identified between Fermat’s equation and the one
by Pythagoras produces through the integer solutions, some of them null (for this
reason defined as “trivial”) of Pythagoras’s equation, a method to prove Fermat’s
Last Theorem.
In particular, the second case is crucial and is even more general than the first
one, because it includes the former case: it is sufficient to put Z1 = 1, but having to
treat the problem with integers (and not rational) it is obvious that the condition
Z1 > 1 is necessary.
Now, through the second case, Fermat could establish that Z1 necessarily is a
perfect biquadrate, in fact from (A2-11) we derive that: W = 0 ⇒ q = 0, and
also ⇒ T = V = p2 and finally Zn1 = V 2 = T 2 = p4.
Similarly he could proceed with appropriate Diophantine quadratic equations
also for the unknowns X1, Y1 and get to solve his Last Theorem limiting himself to
the treatment of the case n = 4.
Finally, for completeness, we provide the Fermat’s proof of his Last Theorem for
n = 4.
Theorem: The equation X4+Y 4 = Z4does not provide positive integer solutions
when XY Z 6= 0.
To prove this theorem we consider that it can be written like
(
X2
)2
+
(
Y 2
)2
=(
Z2
)2
.
Because X,Y, Z are pairwise relatively prime, then also X2, Y 2, Z2 will be so
besides, being they Pythagorean triples, from (A2-5) we can write:
X2 = 2pq, Y 2 = p2 − q2 Z2 = p2 + q2
where p, qare relatively prime of opposite parity and p > q >0 .
The second of these three equations can be written Y 2 + q2 = p2 and it follows,
since , p and q are relatively prime, that y, q, p is a primitive Pythagorean triple.
Therefore p is odd and, since p and q have opposite parities, q is even.
e Keep in mind the previous note a (at the bottom), applicable precisely to the equation (A2-10),
that assures us that Zn
1
is definitely equal to a square.
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Hence q = 2ab , Y = a2 − b2, p = a2 + b2 where a, b are relatively prime of
opposite parity and a > b >0.
Thus X2 = 2pq = 2
(
a2 + b2
) · (2ab) = 4ab (a2 + b2) and this shows that
ab
(
a2 + b2
)
is a square.
But, ab and
(
a2 + b2
)
are relatively prime because any prime P that divided ab
would have to divide a or b, but not both, because a, b are relatively prime and
could not, therefore, divide
(
a2 + b2
)
.
Therefore ab and
(
a2 + b2
)
must both be square , but then, since ab is a square
and a, b are relatively prime, a and b must both be square, say a = x2, b = y2,
a2 + b2 = z2.
Therefore x4 + y4 = a2 + b2 = z2 = p < p2 + q2 = Z2 < Z4 = X4 + Y 4
By iterating the process we will find new solutions x′ < x e y′ < y with the
result x′4 + y′4 < Z4 and this method can be repeated “ad infinitum”.
Therefore there is established an infinite, descending sequence of positive inte-
gers, which is impossible.
A3. The arquebus by Euler.
In Chapter 2, through items of Algebraic Geometry, by following the directions
by A. Weil, we were able to build, by the assumptions (24):
A = Zn1 · Zn1 , α = 0, B = Xn1 , β = Y n1 , C = Xn1 , γ = Zn1 .
the following double equation with integer coefficients and integer indeterminate,
all of the second degree:
(A3-1) Z2n1 U
2 = Xn1 V
2 + Y n1 T
2 = Xn1W
2 + Zn1 T
2.
From the equality of the second and the third member (A3-1) we have veri-
fied that Fermat’s equation could be generated through general solutions (all are
nonzero) of an equation by Pythagoras.
The equality of the first and of the second member and the one between the first
and third member restricts however this choice through a precise subset of all the
possible solutions of Pythagoras’s equation.
Specifically the one determined by the so-called trivial solutions, that is the ones
determined by the assumption (W,T.V ) =
(
0, p2, p2
)
where p is a natural number.
By considering , therefore, the equality between the first and third member, we
can write Z2n1 U
2 = Zn1 T
2, which implies Zn1 =
T 2
U2
; and as it is an equation between
integers, it allows us to assume even U = 1 [see the conclusion of the Chapter 2,
in which it is ensured that the integers U, V,W, T have no common divisors, namely
that their G.C.D. (U, V, T,W) = 1] and obtain Zn1 = T
2.
But, from the assumption T = V = p2 we have the certainty that Zn1 = p
4, from
which follows that Z1 results a biquadrate.
The nature of this result is therefore based on the adoption of a particular trivial
solution of the Pythagorean equation, thanks to the construction of a double and
homogeneous Diophantine integer equation of the second degree.
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There is a close analogy between these double equations and the ones that Euler
called « canonical equations» to solve some Diophantine equations, of genus 1 ([5],
§XVI, pp.252-256), although in this case the method used by Euler resulted in a
«ascent » of new solutions from some obvious solutions, a very similar technique in
terms of results to the one seen in Appendix 1.
We, in fact, have used this technique just with the objective of determining some
integer solutions, different from zero, of the Fermat equation, but this, at the end,
is proved impossible.
In conclusion, the term coined by Bini, namely “a stroke of arquebus” by Euler
really seems the most appropriate.
Additional Remarks.
1 Let’s consider to take respectively in the following Diophantine system [see
the system (9)] with integer coefficients and integer indeterminates:
(N1)


Xn1 V
2 + Y n1 T
2 = U ′2
Xn1W
2 + Zn1 T
2 = U ′2
W 2 + T 2 = V 2
the values obtained by using the trivial solution of the Pythagorean equation, that
is (W,T, V ) =
(
0,m2,m2
)
.
To satisfy the Fermat equation, let’s consider the following values to be at-
tributed to indeterminate U ′:
U ′ = m2, we will have that the first equation of the system (N1) gives this result:
Xn1 + Y
n
1 = 1 and the second: Z
n
1 = 1 [the same result is reached by the choice
(U, V, T,W ) = (1, 1, 1, 0)]; in that case, however, the coefficients X1 and Y1 are not
integers, but may be represented by rational numbers.
Hence the need, as the coefficients are integers for hypothesis, to assume at least
for U ′ another value, as we did in Chapter 1, that is U ′ = m4 and the consequent
result: U ′ = Zn1 to obtain from the first equation of the system (N1) the following
identity Xn1 Z
n
1 +Y
n
1 Z
n
1 = Z
n
1 ·Zn1 , while from the second equation a "pure" identity;
then by eliminating from the first equation the greatest common divisor, being , for
hypothesis, X1 , Y1 , Z1 pairwise relatively prime, we got Fermat’s equation.
The result U ′ = Zn1 is legitimized as by assuming U
′ = V 2 = T 2 = m4 , W = 0,
the first equation of the system (N1) gives us: Xn1m
4 + Y n1 m
4 = U ′2 = m8 ⇒
Xn1 + Y
n
1 = m
4, while the latter equation: Zn1 T
2 = Zn1m
4 = U ′2 = m8 ⇒ Zn1 = m4
confirming therefore the equality of these two equations ( justified for hypothesis
by Fermat’s equation ), we verify that U ′ = m4 = Zn1 .
In conclusion the proof of Fermat’s Last theorem follows from the fact that it is
not possible for the first two Diophantine equations of the system (N1), the evident
solution (U ′, V, T,W ) =
(
m4,m2,m2, 0
)
.
According to the indications by Weil, who required them to be without any common
divisors, it is possible to verify that , if from the evident solution, we delete the
greatest common divisor m2 = G.C.D.
(
m4,m2,m2, 0
)
, we can also consider the
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following evident solution (U ′, V, T,W ) =
(
m2, 1, 1, 0
)
, which means that in the
system (N1) the first two equations to respect the Fermat’s equation, however,
provide the following result: U ′2 = m4 = Zn1 .
Besides we remember that it is known that Diophantine equation like
aX2+bY 2 = Z2, as the first two equations in the system (N1), with a and b relative
integers, should certainly be solvable in nonzero integers in the case where a = 
or b =  or also in the case where a+ b =  , but notwithstanding this happens
for Fermat’s equation, the nature of biquadrate for only one of its indeterminates
it would be sufficient to ensure the non-solubility in terms of integers positive (see
the following Remark 2).
2 The Fundamental Theorem allows to prove Fermat’s Last Theorem by ele-
mentary techniques, certainly known to P. Fermat.
His conditions are necessarily very restrictive, but with the proof of the conjec-
ture by Taniyama-Shimura, it is possible to demonstrate, although less stringent
than the fundamental theorem, the following
Theorem: There are not integers X1 , Y1 , Z1 pairwise relatively prime such that
Xn1 + Y
n
1 = Z
4
1 for n ≥ 3.
This result may be obtained by the application of a theorem of H. Darmon
and L. Merel, who have shown that for n ≥ 4 the equation an + bn = c2 does
not admit integer solutions with a, b, c relatively prime [ "Winding quotients and
some variants of Fermat’s Last Theorem." Journal für die reine und angewandte
Mathematik 490 (1997), 81-100] and a theorem proved by N. Bruin, who claims
that the equation X3 + Y 3 = Z4 has integer solutions if G.C.D.(X,Y, Z) > 1 [“On
powers as sums of two cubes”, Algorithmic number theory (edited. by W. Bosma),
Lecture Notes in Computer. Science. 1838, 169–184, Springer, Berlin, 2000].
More precisely these theorems were not proved by elementary ways, but they are
a consequence of the results obtained by A. Wiles and the methods by C. Chabauty.
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